In this paper, we develop an approximate analytical reconstruction algorithm that compensates for uniform attenuation in 2D parallel-beam SPECT with a 180
Introduction
There exist many analytical parallel-beam reconstruction algorithms that correct for the uniform attenuation with projection data which are acquired over a range of 360
• (Bellini et al 1979 , Tretiak and Metz 1980 , Gullberg and Budinger 1981 , Clough and Barrett 1983 , Markoe et al 1984 , Hawkins et al 1988 , Inouye et al 1989 . Although iterative reconstruction methods show that an activity distribution can be recovered from 180
• data, the analytical parallel-beam reconstruction algorithm had remained unknown until Noo and Wagner (2001) showed that an angular range of 180
• is sufficient to reconstruct uniform attenuated parallelbeam projections and provided a reconstruction formula which uses only 180
• data. Noo and Wagner provided a reconstruction formula which uses only 180
• data (Noo and Wagner 2001) . Pan et al (2002) extended Noo and Wagner's results into a family of π -scheme reconstruction formulae for the exponential Radon transform of an object function (the full angular range of 2π is divided into a number of non-overlapping angular intervals without conjugate views whose summation is equal to π ). Later Rullgård (2004) developed an explicit expression using a holomorphic function. Our paper derives an approximate analytical attenuation-corrected reconstruction algorithm for uniform attenuated data acquired over 180
• by using a complex variable Fourier central slice theorem.
As pointed out in Noo and Wagner (2001) and Pan et al (2002) a reconstruction problem can be expressed by a Fredholm integral equation of the second type, and it has been shown that the integral equation has a unique and stable solution. The solution can be written in the form of a Neumann series, and can be implemented as a recursion procedure (Noo and Wagner 2001, Pan et al 2002) .
Rullgård also developed an explicit inversion formula for the exponential Radon transform using data from 180
• (Rullgård 2004 ). Rullgård's algorithm involves an inverse kernel which is a holomorphic function for which an explicit expression has not been found. In implementation this holomorphic function can be approximated by a polynomial expression of a rather low degree (Rullgård 2004) .
To avoid the recursion method as used in Noo and Wagner (2001) and Pan et al (2002) and to avoid the uncertain holomorphic function used in Rullgård (2004) , this paper presents an approximate reconstruction algorithm with uniform attenuation compensation for data acquired over 180
• . For projections over 360
• , Metz and Pan developed a quasi-optimal parallel-beam method which has demonstrated superior noise properties ; this paper extends their 360
• method to a parallel-beam algorithm over 180
• . In our algorithm, the projection data acquired over 180
• are first extended to 360
• with the method proposed in Noo and Wagner (2001) . The complex variable central slice theorem similar to that presented in Bellini et al (1979) , Inouye et al (1989) and Noo and Wagner (2001) is used to build a relationship between the image and the extended projections in the complex frequency domain. Then the Fourier series expansion is performed on the Fourier transform of the extended data. Finally, a 2D Fourier transform is performed to obtain the image.
The proposed algorithm is in the form of a direct Fourier reconstruction. The implementation does not require any exponential weighting factor in the backprojection. This is the main difference between our algorithm and other existing 180
• -FBP algorithms that compensate for constant attenuation.
Algorithm

Preparation of projection data
Let the 2D radioactivity distribution be f (x), which is a smooth, bounded and compactly supported square-integrable function defined on R 2 . The attenuator has a convex boundary and the attenuation coefficient is zero outside the boundary. The attenuated sinogram q(s, φ) obtained with parallel projection is given by
where D(s, φ) is the distance from the point (s cos φ, s sin φ) to the boundary of the attenuator in the direction of the projection as shown in figure 1 and µ 0 is the attenuation coefficient inside the convex boundary.
Let the modified attenuated sinogram (i.e. the exponential Radon transform) be p 0 (s, φ). The subscript 0 of p 0 and µ 0 indicates that the data have not yet been extended to [0, 2π ] . The modified projection data p 0 (s, φ) are only available over 180
• , that is, p 0 (s, φ) is defined for the range φ ∈ [0, π) and s ∈ R by
where
We now extend the modified projection data p 0 (s, φ) to p e (s, φ) over [π, 2π) as in Noo and Wagner (2001) :
with φ ∈ [0, 2π) and
With this definition of µ(φ),
It is well known that projections without attenuation have the symmetry property p(s, φ) = p (−s, φ−π) , while this symmetry is not satisfied normally in SPECT because of the attenuation. Thus, extended projections p e (s, φ) obtained by (6) are normally discontinuous and not differentiable when the view angle φ is equal to 0
• and 180
• because the property p e (s, 0) = p e (−s, π) is not normally satisfied. Inouye et al (1989) developed a 'backward' complex central slice theorem in which the Fourier transform of the image F has complex variables, while the variables of the Fourier transform P of attenuated projections acquired over 360
Complex variable central slice theorem
• are real:
where ω s and ω are frequencies and φ is the view angle. The variables ω s , ω, and φ are all real and υ is imaginary. The variables satisfy the following relationship:
where µ 0 is the attenuation coefficient and i = √ −1. Bellini et al (1979) developed a 'forward' complex variable central slice theorem which established a relationship between the Fourier transform F of the image and the Fourier transform P of attenuated projections also acquired over 360
• . The formula is as follows:
where µ 0 is the attenuation coefficient, ω is the frequency and φ is the view angle. Bellini's 'forward' complex variable central slice theorem is for a 360 • acquisition. A similar 'forward' complex variable central slice theorem for the 180
• data acquisition is derived as follows. The one-dimensional Fourier transform of the extended modified projections p e (s, φ) with respect to the variable s is defined as follows:
where ω ∈ R and φ ∈ [0, 2π). Substituting (4) into (11) yields
Introducing polar coordinates (ρ, θ ) to express the image function f (x, y), we have
as illustrated in figure 1. From (13) the relationships between (s, t) and (ρ, θ, φ) are obtained as follows:
Substituting (14) into (12) yields
As we stated, the extended projections p e (s, φ) are discontinuous and not differentiable when angle φ is equal to 0
• ; thus, the Fourier transform of the extended projections P e (ω, φ) , where φ is a real variable, is normally discontinuous and not differentiable with respect to the angle φ at these two points (0 • and 180 • ). In practice, the projections obtained in simulations or from clinical acquisitions are discrete. The projections are sampled at view angles φ k , where k indicates discrete view angle samples. The Fourier transform of the extended projections are identified asP e (ω, φ k ). There exists a continuous and differentiable function P cd (ω, φ) , where the variables ω and φ are defined in the real space and the subscript cd indicates that the function is continuous and differentiable. The analytic function satisfies the relationship P cd (ω, φ k ) =P e (ω, φ k ). It is obvious that this interpolated analytic function P cd (ω, φ) is not unique. It can be obtained easily by many methods such as using Sinc interpolation or even using a Chebyshev polynomial expansion (Press et al 1988) . Our algorithm is an approximation because we make the assumption that the interpolated analytic function P cd (ω, φ) still satisfies (15). Now, it is possible to find an analytic continuation of P cd (ω, φ) in a complex space of φ. We perform an analytic continuation of the function P cd (ω, φ) to obtainP e (ω, z) with respect to the variable φ, where z ∈ C.
Our continuation procedure is described as follows. In order to change the right-hand side of (15) into a Fourier transform of f (ρ, θ), a continuation is performed on the function P e (ω, φ) . The variables (ω, φ) are replaced by (ω s , z) with
where ω s and υ are generally complex valued. Then, an analytic continuationP e (ω, φ + υ(φ)) can be expressed as
Solving (16) one obtains
Substituting (5) into (19b) we have
Applying trigonometry identities, (18) becomes
Substituting (16) and (19) into (21) yields
Therefore, (17) becomes
The right-hand side of (23) is the Fourier transform of f. Thus,
Substituting (20) into (24) yields
Equation (25) is the complex central slice theorem for uniform attenuation imaging. The imaginary part of the second variable of P is constant as a function of the view angle in Bellini's complex variable central slice theorem (Bellini et al 1979) , whileP e varies with the view angle in our more general central slice theorem, see (20), which is the 'forward' version of Noo's formula (Noo and Wagner 2001) .
The Fourier transform of the image
Metz and Pan (1995) derived their quasi-optimal 360
• parallel-beam method by performing a Fourier series expansion of the projections with respect to the view angle. They established a frequency domain relationship between the image and projections acquired over 360
• . Our paper adopts the same procedure to derive a reconstruction algorithm for 180
• data. With the same procedure as in Metz and Pan (1995) , expanding the left-hand side of (25) as a Fourier series with respect to the polar angle φ, we obtain
Substituting (25) into (27) yields
Here,P e (ω s , φ + υ(φ)) is a holomorphic function of period 2π with respect to the second variable and Im(φ + υ(φ)) is finite. Thus,P e (ω s , φ + υ(φ)) has a Fourier series expansion in the form (Bellini et al 1979, Sansone and Gerretsen 1960 )
Substituting (29) into (28), we obtain
Changing the order of integration and summation and evaluating e −imυ and e inυ using (20) yields
Let
Then, (32) can be expressed as
Replacing m by n in the first term of (34), we have
Evaluating (35) yields
Therefore, the image frequency components F k (ω) can be calculated using (36) from the frequency componentsP n (ω s ) of the data. The image can be reconstructed by synthesizing these components using (26). In fact, from our algorithm we can readily deduce Metz and Pan's quasi-optimal 360
• method. The attenuated coefficient µ(φ) does not vary with the view angle φ when the 360
• projections are used instead of the extended projections, which means that γ − is equal to γ + . Therefore,
and (36) becomes formula (27) in )
Through linear combination of positive and negative frequency components (i.e. P k (ω s ) and P k (−ω s )), a family of algorithms can be obtained . Different linear combinations of positive and negative frequency components can also be performed in (36) to obtain a family of 180
• algorithms, but this is not included in this work. Implementing (37) and (38) • algorithm and the proposed algorithm both require O(N 3 ) operations. Implementing (37) instead of (38) does not significantly increase the computational cost.
Simulation results
In our computer-simulation studies, the projection data were generated from a modified 2D Shepp-Logan phantom with a uniform attenuator. The parameters of the mathematical phantom are shown in table 1. The units used were in terms of the projection bin size. The uniform attenuator in the simulations had the same circular shape as the exterior of the modified Shepp-Logan phantom and an attenuation coefficient of 0.05 unit −1 . This value is approximately the attenuation coefficient of water at 140 keV when one unit is 3.6 mm. The projection data were noise free and were generated with 128 views over 180
• . At each view, there were 129 projection samples in the detector.
Numerical implementation
3.1.1. Modifying projections. First, the line-integral projection data were multiplied by an exponential factor e µD (s,φ) , obtaining modified attenuated data. The modified attenuated data over the first 128 views were then extended to 256 views using (6).
Evaluating F k (ω).
For a given sampling frequency ω, the shifted frequency ω s = ω 2 + µ 2 0 was calculated; thenP k (ω s ) was obtained bỹ
where k represents the angular frequency. When ω is small and the absolute value of k is large, one of the functions (γ (36) will become large and the algorithm becomes unstable. In order to regularize the function γ k,n we applied a Hann window: 
This window function is commonly used, for example, with a ramp filter in the FBP algorithm. Thus, (36) becomes
Obtaining the reconstruction f (x). An inverse Fourier transform of F k (ω) with respect to k was performed to obtain F (ω, θ) by
Then F (ω, θ) was expressed and evaluated in Cartesian coordinates. Finally f (x) was obtained by performing a 2D inverse Fourier transform. For comparison purposes, images were also reconstructed by Metz and Pan's quasioptimal method from attenuated data over 360
• using the same Hann window. Figure 2 shows the reconstruction image from noiseless data: (a) the true phantom, (b) the image reconstructed by Metz and Pan's quasi-optimal 360
Noise-free results
• reconstruction and (c) the image reconstructed by the proposed algorithm from projections over 180
• . Comparing (a) and (c), we can see qualitatively that the proposed algorithm provides a good reconstruction. Figure 3 shows the profiles of the reconstructed image and the true phantom shown in figure 2. The solid line indicates the true phantom, the dashed line indicates the image reconstructed by Metz and Pan's quasi-optimal 360
• reconstruction, and the dotted line indicates the image reconstructed by the proposed algorithm from projections over 180
• . We can see that the profiles of the image reconstructed by the proposed 180
• algorithm closely match the profiles of the true phantom, and the proposed approximate method performs as well as Metz and Pan's quasi-optimal 360
• method. Figure 4 shows the close-up portion of the profiles within the box in figure 3(b) . It is evident that the full-width at half maximum (FWHM) of the proposed algorithm is equal to or may be slightly larger than the FWHM of Metz and Pan's quasi-optimal 360
• method. These two implementations thus result in the same spatial resolution. 
Noise results
To illustrate the noise properties of the proposed 180
• algorithm, Poisson noise was added to the projections. Images were reconstructed by the proposed 180
• algorithm and Metz and Pan's quasi-optimal 360
• method.
Half total counts.
The noisy projections were generated over 360
• (3 × 10 6 total counts). The whole data set was used by Metz and Pan's quasi-optimal 360
• method to reconstruct an image. Two data sets from 0
• to 180
• and from 180
• to 360
• were used by the proposed 180
• algorithm, separately, to reconstruct two different images. Thus, the projections used by Metz and Pan's quasi-optimal 360
• method to reconstruct the image had twice the counts as the projections used by the proposed 180
• method. [180
We should point out that the 360
• reconstruction used the data set containing about twice the photon counts as in each of the 180
• reconstructions. The white circles show the sampled region for the calculations of the average normalized standard deviations in table 2. Standard deviation and mean images were calculated for the noisy reconstructions using 100 independent noise realizations in the projections. The normalized noise image was the ratio image of the standard deviation image to the mean image.
In figure 6 , column 1 was the normalized noise image by Metz and Pan's quasi-optimal 360
• method, column 2 was the normalized noise image by the proposed 180
• method and column 3 shows the difference of the two noise images. Column 4 shows the sign image of column 3, which illustrates that • method is noisier in the black region and the proposed 180
• method is noisier in the white region. The upper row compares Metz and Pan's quasi-optimal 360
• method with the proposed method using projections in the range of [180
• ], and the lower row compares Metz and Pan's quasioptimal 360
• method with the proposed method using projections in the range of [0
. The upper part of (b1) and lower part of (b2) have approximately the same noise level as (a), but the lower part of (b1) and upper part of (b2) are noisier than (a). This implies that the proposed algorithm has equivalent noise properties as Metz and Pan's quasi-optimal 360
• parallel method in the region nearest the detector and has worse noise properties in the region furthest from the detector.
Same total counts. In this numerical simulation, noise-free projections over 360
• were generated first. The noisy projections used by • method and the proposed 180
• algorithm were generated from the noise-free projections by the following procedures, respectively. Noisy projections used by • method were obtained by adding Poisson noise to the whole noise-free projection set. To generate the noisy projections used by the proposed 180
• method, the whole noise-free projections were divided into two parts: from 0
• . Each of these two parts of the projections was scaled up to the same counts as the whole 360
• set; then Poisson noise was added. These two noisy projection sets were used for the proposed 180
• algorithm. Normalized noise images were generated as for figure 6, with 100 noise realizations. In figure 8 , column 1 shows the normalized noise images for Metz and Pan's quasi-optimal 360
• method, column 2 shows the normalized noise images of the proposed 180
• method and column 3 shows the difference of the two images. Column 4 shows the sign image of column 3. Column 4 shows that the quasi-optimal 360
• method is noisier in the black region, and the proposed 180
• method is noisier in the white region. The upper row compares the quasioptimal 360
• ], and the lower row compares the quasi-optimal 360
We can see that the upper part of (b1) and lower part of (b2) are less noisy than (a), but the lower part of (b1) and upper part of (b2) have almost the same noise level as (a). The proposed algorithm thus has better noise properties than Metz and Pan's quasi-optimal 360
• parallel-beam method in the region where projection data are measured with twice the scanning time and about the same noise level in the region where the data are not measured.
Conclusion
In this paper, we presented an approximate 2D parallel-beam image reconstruction algorithm for 180
• data acquisition with constant attenuation. The projection data acquired over 180
• are first extended into those that would be acquired over 360
• . Although the ideal Fourier transform of the extended projections P e (ω, φ) is discontinuous and not differentiable when the view angle φ is equal to 0 and π , the real projectionsP e (ω, φ k ) obtained in simulations or from clinical acquisitions are discrete. The projections are sampled at view angles φ k , where k indicates discrete samples. An assumption was made that a continuous and differentiable function P cd (ω, φ) , satisfying both the relationship P cd (ω, φ k ) =P e (ω, φ k ) and (15), can be obtained by interpolation methods. Then, analytic continuation is performed on the function P cd (ω, φ) to obtainP e (ω, z) with respect to the variable φ, where z ∈ C. Thus, a more generalized complex variable central slice theorem (25) is established and used to build the relationship between the image and the analytic continuationP e (ω, z). Next Fourier series expansion is performed on the analytic continuationP e (ω, z) . Finally, a 2D Fourier transform is performed to obtain the image.
Our algorithm is an approximate reconstruction algorithm with data acquired over 180
• which differs from the recursion formulation of Noo and Wagner (2001) and Pan et al (2002) and the uncertain holomorphic function formulation of Rullgård (2004) . Our proposed algorithm is, in fact, a 180
• data version of Metz and Pan's 360
• data algorithm . Simulation results show that the image reconstructed by the proposed algorithm has good error properties. Under the condition of the same total counts, the proposed algorithm has better noise properties than Metz and Pan's quasi-optimal 360
• parallel-beam method in the half image plane nearest the detector used to measure the projections, while it has worse noise properties than Metz and Pan's method in the other half image plane.
The proposed algorithm is in the form of a direct Fourier reconstruction. In the implementation, no exponential backprojection weighting factor is required. This is the primary difference between our algorithm and other existing 180
